We show that a (1þ1)D Airy beam can contain the density of spin angular momentum (SAM) normal to the direction of propagation if the polarization direction of its magnetic-field component is orthogonal to the transverse axis of the Airy profile. Although the total SAM of the Airy beam is equal to zero, its main lobe (or main intensity peak) can contain a nonvanishing SAM. The transversal asymmetry inherent in the Airy beam, which results in its acceleration during propagation, determines the overall direction of this nonvanishing SAM.
Introduction
Nondiffracting beams have drawn significant research interest over the past several decades and a few types, such as Bessel [1] , Mathieu [2] , and Airy beams [3] , have been proposed and have actually been observed. Among them, Airy beams (actually an optical version of the Airy wavepacket in quantum mechanics [4] ) are the only diffraction-free solution in a (1þ1)D configuration and have a unique feature, in that they undergo acceleration or self-bending as they propagate in homogeneous optical media [3] , [5] . These characteristics have resulted in Airy beams being adopted for use in various applications such as optical trapping or particle manipulation [6] , plasma waveguiding [7] , the transmission of light bullets [8] or slow/fast nondispersing wavepackets [9] , [10] , and the autofocusing of beams [11] , [12] .
Optical beams typically contain two different kinds of angular momentum (AM), i.e., orbital AM and spin AM (SAM). They can be differentiated from one another based on their interaction with matter, i.e., they respectively result in the rotation of the absorptive particle around the beam axis and the rotation around its own axis [13] , [14] . Beams with helical phase fronts contain orbital AM [15] , while their circular polarization states can induce SAM [16] . Various experimental studies have shown that optical beams can transfer their AM to particles, thus inducing spinning or orbiting motions [17] , [18] . In this paper, we report on an investigation of a SAM carried by (1þ1)D Airy beams, which is a transversal one in the sense that it is normal to the direction of propagation of the beams. (We will not consider a longitudinal SAM because it can be easily generated by imposing circular polarization on the electric-field part of the Airy beam.) We show that the (1þ1)D Airy beam contains SAM density when the polarization direction of its magnetic-field component is orthogonal to the transverse axis of the Airy profile. Although its total SAM vanishes, the main lobe of the Airy beam can carry a nonzero SAM.
Theory
Let us consider a (1þ1)D Airy beam in free space, propagating along the þz direction. Its magnetic field can be written in paraxial approximation as . We assume throughout this paper that the transverse axis of the Airy profile (that of H) is along the x -direction and refer to the Airy beam whoser is orthogonal(parallel) to this direction as the orthogonal-pol.(parallel-pol.) Airy beam. The electric-field component of the Airy beam can be derived using E ¼ ðj=!" 0 Þr Â H, where " 0 is the permittivity of a vacuum, resulting in
for orthogonal-pol. and parallel-pol. Airy beams, respectively, where
The AM of the electromagnetic field is defined as J ¼ " 0 R r Â ½RefEg Â ðr Â RefA rot gÞ dV [19] , where A rot represents the gauge-invariant rotational part of the vector potential A. This AM includes the orbital AM and the SAM, but researchers have not yet reached any agreement as to whether its separation into orbital and spin parts is physically meaningful [20] . Nevertheless, we can say, at least for paraxial beams (as in our case), that this separation can have a physical meaning [21] . Thus, we express the total AM as
, separating its orbital and spin components. The SAM density, which is independent of the origin of the spatial coordinates, is thus given by s ¼ " 0 RefEg Â RefA rot g. Using the Coulomb gauge where A rot ¼ A and E ¼ j!A (note that no sources are present in our case), we have
and can obtain the following SAM densities associated with orthogonal-pol. and parallel-pol. Airy beams: 
where A ¼ jgj 2 , B ¼ Reff gRefgg þ Imff gImfgg, C ¼ jf j 2 , and D ¼ ÀReff gImfgg þ Imff gRefgg. After some manipulation of (9), we can derive the following trajectory of ðẼ x ;Ẽ z Þ:
and the definitions of À, Å, and can be found in [22] . Seeing (10), we can easily discern that ðẼ x ;Ẽ z Þ describes an ellipse on the x -z plane as time goes on, making the trajectory of ðE x ; E z Þ also an ellipse but a rotated one through an angle of . From this elliptical polarization state or the rotation of the electric field on the transverse-longitudinal plane does the SAM density given by (7) originate. We note that this SAM density is a transversal one in the sense that its direction is normal to the direction of propagation of the beam. The orthogonal-pol. Airy beam can thus induce the spinning motion of particles around a transverse axis. This is a somewhat different configuration from other studies [17] , [18] , which have dealt with the transfer of the longitudinal SAM that results in the spinning motion around a longitudinal axis. It should be noted here that if, instead of its magnetic field, the electric field of the Airy beam is given as in (1), then the SAM density carried by the Airy beam vanishes everywhere. In this case, undoubtedly, the magnetic field of the Airy beam can be in an elliptical polarization state depending on the polarization direction of its electric component. However, the rotation of the magnetic field on the transverse-longitudinal plane cannot induce SAM because the rotating direction of the magnetic field is invariant under time reversal. A detailed discussion of this is beyond the scope of this paper and will be published elsewhere [23] .
Numerical Examples
In what follows, we will look into the SAM of orthogonal-pol. Airy beams using the examples shown in Fig. 2(a) and (b) , where a, x 0 , and the operation wavelength are assumed to be 0.1, 1.5, and 1550 nm, respectively. In the first place, it should be pointed out that the total SAM, i.e., S total ðzÞ ¼ R 1 À1 s ? dx , vanishes at every z coordinate as in the case of the total AM of (2þ1)D Airy beams [24] . We note, however, that we are now considering the Bkinetic[ SAM, which can be transferred to particles and induce their kinetic (spinning) motion. The particles assumed here are usually very small, in the order of the wavelength of light. Therefore, when they are exposed to the Airy beam, they can be confined and sequestered within its main lobe due to the gradient force [25] . In quantum theory, the transfer of SAM occurs as a result of the absorption of photons by the particles. However, using the classical picture, the SAM of the Airy beam is transferred via the torque exerted on the particles. In this configuration, what is of practical importance, i.e., what actually contributes to the torque, is not the total SAM of the Airy beam but that of its main lobe. Thus, attention must be paid to the SAM carried by the main lobe of the orthogonal-pol. Airy beam, which can be calculated by S main ðzÞ ¼ R main lobe s ? dx and is plotted in Fig. 2(c) . From the results, we can clearly see that the direction of S main ðzÞ is dependent on m or the direction of acceleration of the Airy beam [note that g / ðÀ1Þ m in (5), making s ? / ðÀ1Þ m ], indicating that the transversal asymmetry inherent in the Airy beam itself determines the direction of S main ðzÞ. One interesting point is that S main ðzÞ can be enhanced during propagation, although the optical power flowing through the main lobe is decreased due to the diffraction of finite Airy beams [see Fig. 2(d) ]. Although not shown here, the corresponding S main ðzÞ for an ideal ða ¼ 0Þ or infinite Airy beam remains constant during propagation. This suggests that the apodization-induced diffraction of the finite Airy beam contributes to this increase in S main ðzÞ. To investigate this further, we plotted Fig. 2(c) . the transverse intensity profiles of infinite and finite Airy beams, which are shown in Fig. 3(a) and (b), respectively. As can be seen in the figures, the main and sidelobes of the finite Airy beam begin to overlap with each other after some propagation distance, which increases the local minimum intensity between them [see the circle in Fig. 3(b) ]. Fig. 3(c) shows the variation of these local minimum intensity values during propagation. The results for the case of a ¼ 0:1 are qualitatively very similar to the SAM shown in Fig. 2(c) . These considerations suggest that S main ðzÞ, i.e., the SAM carried by the main lobe of the (finite) Airy beam can be enhanced via its diffraction during propagation.
(2þ1)D Airy Beams
We can extend our discussion to (2þ1)D Airy beams, whose magnetic field can be written as [26] - [28] H ¼ e
where Ai ðk Þ and S k are given by Ai ðk Þ ¼ Ai½ðÀ1Þ Fig. 4(a) and (b) , for example, we can respectively obtain
where
As depicted schematically in Fig. 4 , by controlling the polarization directions of their magnetic fields, it is possible to change the directions of the SAM carried by their main lobes.
Concluding Remarks
These SAMs carried by the main lobes of (1þ1)D or (2þ1)D Airy beams can be utilized to optically trap micro-or nanoparticles. In Fig. 5 , two trapping configurations adopting four (1þ1)D Airy beams 
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Transverse SAM of Airy Beams are shown. When all of them are in the same polarization state as in Fig. 5(a) , the beams do not transfer any spin to the trapped particles. However, if we configure their polarization states appropriately as in Fig. 5(b) , the Airy beams can transfer their SAM to the particles, causing them to rotate, resulting in their spinning around a transverse axis. In addition, by using a temporal change in their polarization states, it is possible to modulate the spinning speed of the trapped particles. We hope this dynamic feature will find novel applications in various fields including particle manipulation. Fig. 5 . Optical trapping configurations using four Airy beams (a) without and (b) with the transfer of their transverse SAM to trapped particles. We assumed that the four Airy beams here are mutually incoherent since, as we can see in (6), the SAM is not linear. That is, when the four Airy beams are coherent, their interference can contribute to the overall SAM transferred to the particles.
